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Excess  Claims  and  Data  Trimming  in  the  Context  of  Credibility 
Rating  Procedures 

by  Bans  Bflhlmann,  Alois  Gisler,  William  S.  Jewell* 

1.  Motivation 

In  Ratemaking  and  in  Experience  Rating  one  is  o£ten  confronted 
with  the  dilemma  of  whether  or  not  to  fully  charge  very  large 
claims  to  the  claims  load  of  small  risk  groups  or  of  individual 
risks.  Practitioners  typically  use  an  a  posteriori  argument  in 
this  situation:  "If  such  large  claims  should  be  fully  charged 
then  the  rates  obtained  would  become  1  ridiculous 1 ,  hence  it 
should  not  be  done.”  The  present  paper  aims  at  explaining  this 
practical  attitude  from  first  principles. 


Credibility  Theory  in  its  standard  form  makes  the  first  step  in 
the  good  direction.  It  explains  to  us  that  all  claims  should  not 
be  fully  charged  (but  only  with  the  constant  fraction  of  the  cre¬ 
dibility  weight) .  In  many  applications,  however,  it  is  still  felt 
that  the  fraction  of  this  charge  should  depend  on  the  size  of  a 
claim.  This  leads  very  naturally  to  the  idea  of  combining  credi¬ 
bility  procedures  and  data  trimming. 

Of  course,  such  an  idea  needs  to  be  tested.  The  first  argument 
in  favour  of  it  was  given  by  Gisler  [1]  who  showed  that  in  many 
cases  the  mean  quadratic  loss  of  the  credibility  estimator  is 
substantially  reduced  if  one  introduces  trimming  of  claims  data. 
This  paper  goes  even  further.  It  formalizes  the  standard  way  of 
thinking  about  large  claims  and  then  shows  that  "optimal  forecas¬ 
ting”  of  rates  (using  Bayes  estimation  techniques)  and  forecas¬ 
ting  by  "credibility  techniques  combined  with  data  trimming"  lead  •<’ 
to  almost  identical  results. 


*  The  authors  are  greatly  indebted  to  R.  Schnieper  who  did  all 
the  numerical  work  on  the  ETH  computer. 
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2.  The  Basic  Model 


Throughout  the  paper  we  work  with  the  most  simple  model  in  the 
credibility  context 

X  ■  (Xj_,  Xn)  is  the  random  vector  representing  the 

experience  of  a  given  risk  in  the  years 
1,  2,.../  n 

-  The  quality  of  the  risk  is  characterized  by  an  unknown  parame¬ 
ter  value  9,  which  we  consider  as  a  realisation  of  a  random 
variable  6  with  distribution  function  0(9) 

-  Given  the  parameter  value  9  ,  {Xj_,  X2,...,Xn}  are  i.i.d.  with 
density  function  fg(x)  [mean  y(9),  variance  oz(9}] 

To  these  standard  assumption  in  credibility  theory  we  add  now 
some  more  structure  regarding  the  distribution  of  the  size  of  a 
claim.  The  main  idea  is  introduced  by  the  assumption  that  the 
claims  sizes  are  drawn  from  two  different  urns  (distributions) . 
Mostly,  i.e.  with  probability  1-ir,  we  observe  an  ordinary  claim 
with  density  P0(*/g)  [mean  u0(9),  variance  <**(9)]  and  occasio¬ 
nally,  i.e.  with  probability  ir,  we  observe  an  excess  claim  (catas¬ 
trophic  claim)  with  density  pe(x^g)  [mean  y@  (9 ) ,  variance  <JZ(0)]  . 


Po(*/0> 

w 

ordinary 

excess 

claim  amounts 

claim  amounts 

occurrence  1-ir  * 

He  have  assumed  that  the  mixing  probabilities  are  independent  of 
e  and  from  now  on  we  shall  also  s>**n>.we  that  the  density  of  the 
excess  claims  is  independent  of  t:  -Mr  parameter,  hence  formali¬ 

sing  the  idea  that  large  catastrophic  claims  have  no  bearing  on 
the  quality  of  the  risk. 


Zn  mathematical  shorthand  all  the  considerations  just  made  regar¬ 
ding  additional  structure  are  summed  up  by  stating  that  the  density 
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fg (x)  has  the  following  form 

1)  fQ(x)  -  (l-ir)po  (x/9)  +  irp#(x) 


3.  The  Basic  Problem 


As  always  in  the  credibility  context  our  aim  is  to  estimate 


u(9)  based  on  the  observations  of  X  ■  (Xj_,  X2".>*Xn) 

pure  premium  for  experience  of  the 

the  given  risk  given  risk  in  the 

years  1^2/ • • • ^ n 

One  knows  that  the  best  estimator  for  this  problem  is 


PtX]  -  E[u(9)/X  ] 

Using  the  special  structure  of  formula  1)  we  obtain 

2)  PCX]  ■  irue  +  (1-ir)  E[y0(9)/X  1 


9(X) 


If  we  use  standard  credibility  techniques  we  estimate  by 

n 

3)  f [X]  *  a  +  b  l  X.  with  optimal  choice  of  a,b 

"  i  _  1  * 


And  if  in  addition  we  Introduce  trimming  of  the  data  we  estimate  by 

n 

4)  f[x]  •  a  +  b  l  (X.am)  with  optimal  choice  of  a,b,M 
i-1  1 


Using  4)  we  are  committing  the  following  error  against  optimal 
estimation 
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6)  inf  E  fp[X]-  f[X]t  *  -  inf  E  fm  +  (l-ir)g(X)  -  a  -  b  £  (X.AMJ  f 
a,  b,M  l  ”  J  a,b,M  (.  ”  i-1  1  J 

-  (1-iT)1  inf  E  -t-g(X)-  —  f(X.AM)] 

a,b,M  [  1-ir  l-wi»l  A  J 


-  (1-ir) 1  inf  E  fg(X)  -  a'-  b*  \  (X.AM)]* 

1  i-1  J 


The  following  two  problems  are  therefore  equivalent 

n 

A)  Estimate  P(X]  (total  premium)  by  a  +  b  7  (X.aM)  with  optimal  a,b,M 

i-1  1 

n 

B)  Estimate  g(X)  (ordinary  premium)  by  a'+  b'£  (X.aM)  with  optimal  a’,br,M 

i-1  1 


For  the  optimal  choices  of  the  parameters  (denoted  by  “)  we  have 
7)  a  «  (1-ir)  a’  +  iru 

* 

b  -  (1-ir)  b' 

w  -  5  « 

Zn  the  following  we  want  to  illustrate  that  a'  +  b'  \  (X.aM)  is  a 

i-1  1 

good  approximation  of  g(X)  -  E  C  u0 ( © )  /*?  (Problem  B)  above) 


We  actually  shall  compare 

a'+  b'  l  (XjAM)  with  g(x)  for  any  observation  x  of  X 


4.  The  Exact  Form  of  g(x) 

Writing  out  the  conditional  expectation  E  p w0O)/x.x1  w%  obtain 

L  ”  “J 
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8)  g(x) 


/ 

1*1f(l-1r)p0(xi/9)  +  ^Pe(xt)} 

■ 

dC(9) 

I 

[Jif-,p°(Xi/e)  +  %(xi>} 

du(e) 

■  a,2,. 

.  .n}  and  Sal  we  rewrite 

9)  1Ilf1*,T)Po(xi/8)+irpe(xi)]  "  sHl-)S  ^'\ls  Po(xi/9 


)  TT 

ies 


where  the  sum  on  the  right  side  must  be  taken  over  all  subsets 

S«I  (including  0  and  I)  with  s  -  |S| 

and  n  -  f I f 

We  also  use  the  abbreviations 


Po<xs>  mJ'lws  Po<xi/e> 


)  “  *  Pe(x*) 

j  yrr*  x 


e(xs}  “fils  Pe(Xi>  d0(6 

/_\n-S  P„(xe)P.<xe)  r  -r 

'  (V  *  (j=wJ  P^O^)  [po(V  *  X] 

#  fu0(„As] .  hi dD,e) 


i€S  ro,d‘V6' 

PC(XS) 


Then  introducing  9)  into  8)  and  carrying  out  the  integration 
we  find  for  the  numerator  of  g(x) 


L'1'*’’  *n"’  iJl  P.Ull/“o<a)1's  »„(«!/, 


ScZ 

or 


)  <tt7{9) 


^<1-.)*  »"■*  P0t*s)p,<»5>  E0  [“,'”/xs] 


—6— 


and  for  the  denominator  of  g(x) 

I  U-*)8  *n“S  P0(xS)peUS) 

Sel 

Dividing  both  numerator  and  denominator  by  (l-ir)n  p^x^)  we  final¬ 
ly  arrive  at 


Remarks : 

i)  Observe  that  g(x)  is  a  weighted  average  of  forecasts  based 
on  all  subsamples  xg  of  the  total  sample  xx  ,  the  fore¬ 
casts  being  calculated  under  the  assumption  that  the  subsample 
contains  only  claims  of  the  ordinary  type. 

11)  As  Is  usually  rather  small  the  weight  of  L(Xg)  is  ra¬ 

ther  quick  decreasing  with  decreasing  number  of  observations 
in  xs  j  for  a  fixed  number  of  observations  the  weight  L  (Xg) 
is  rather  big  if  both  p  (x_)  and  p  (xp)  are  big  i.e.  if 
Xg  and  x-  are  very  likely  to  come  from  the  ordinary  and 
the  excess  urn  respectively. 

ill)  Dividing  by  p^tx^)  i*  obviously  only  allowed  if  all  the  ob¬ 
served  claims  are  possibly  of  ordinary  type.  The  weight  func¬ 
tion  L(xg)  i*  then  only  positive  if  p#(xg)  i*  positive 
i.e.  if  the  subset  xg  is  possibly  of  excess  type.  Thus  the 
formula  does  what  we  would  have  done  by  intuition  as  well,  it 
excludes  predictions  based  on  claims  which  can  be  surely  re¬ 
cognized  as  excess  claims. 
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5.  Mora  insight  fr oa  the  single  observation  ease 


At  this  point  it  is  worthwhile  to  consider  the  special  case  where 
the  whole  sample  of  observations  contains  only  one  observation, 
i.e. 

x  -  (xx) 

For  simplicity  we  omit  the  index  1  and  write  x  for  the  single  ob¬ 
servation.  We  have  then 


ID  g(x) 


with 


*o  k  <»>/«] 

+  L 

y 

E 

[».«>] 

1 

+  Z, 

v 

“  1-*  pc(x) 


The  right  hand  side  is  a  multiple  of  the  likelihood  ratio.  If  the 
latter  is  monatonically  increasing  (which  is  typically  the  case 
in  applications)  so  is  also  the  weight  given  to  the  constant  es¬ 
timator  E  £»a(9)J«  ®0  •  Assume  in  addition  that  EQju o(9,/xJ 
is  of  linear  fora;  then  our  estimator  g(x)  is  a  mixture  of  the 
two  cases  (corresponding  to  the  two  pictures) 


the  weight  being  shifted  from  the  estimator  on  the  left  to  the 
estimator  on  the  right  as  x  increases.  The  resulting  estimator 
is  almost  of  the  fora  a+b  ain(x,M)  .  Bence  credibility  with  trim¬ 
ming  is  almost  exact!  This  fact  will  be  illustrated  by  a  numerical 
example  in  section  6.  Zn  fact  our  numerical  example  will  show  that 
this  fact  also  carries  over  to  higher  dimensions. 


6.  A  Numerical  Example 


6.1)  For  explicit  calculations  we  are  assuming  that  for  ordinary 
claims 


Po(x/e)  is  a  normal  density  with  mean  3 

variance  v 


8  is  normally  distributed  with  mean  m 


variance  w 


We  then  have 

P, 


>(xs)  "  f  * 

5  J  i€S 


P0(xi/g ) dD (0 )  which  turns  out  to  be  a  multi¬ 


dimensional  normal  density  with 


mean  vector 


and  covariance  matrix 
/w+v  w. ,.w 
w  w+v. . . 


. . .w+v 


hence 

12)  Po(xs) 

/TaP 

s 

(2ir)  ' 

with 

Proof  that 

-P01*SL_ 

.  /u?  jg 


/2 


j6S 

r“l 


a)  Given  9  any  linear  combination  £  ci*i  is  normal  with  mean 
l  cA0  and  variance  l  c*v  .  i6S  Integrated  out  with 

fcSlpect  to  the  normai€Sstructure  function  of  d  we  obtain 
a  normal  distribution  with  mean  J  c^mQ  and  variance 

J  c^1*  +  J  c^v  .  But  a  sampli€S  xg  whose  linear  combi- 
klfons  are  i£5  normally  distributed  is  multidimensional 


a  r 

£ 


normal 
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b)  Let 


1  m  (“«) 

-  CovCX^X^) 


i€S 

j€S 


E^Cov(X1,Xj) 


+  W 


q.e.d. 


It  should  be  noted  that 

13)  det  l  *  vn  +  nv11  (subtract  first  row  from  all 

other  rows  and  then  develop 
along  the  first  column) 


Also  observe  the  explicit  form  of 


From  elementary  calculations  in  credibility  theory  we 
finally  also  know  that 


•  m 

15)  En  8/*_ 
°  *S 


aw  v 

v+sw  o  v+sw 


6.2)  For  the  excess  claims  the  probability  law  is  specified  by 
assuming  that 


P'(x)  is  a  normal  density  with  mean  y# 

variance  <j* 


io< 


7.  Numerical  Calculations  of  g(x) 


For 

our  calculations 

we  have 

chosen 

“o 

- 

10 

we 

-  50 

V 

m 

12'5  l  ®o-5 

ae 

■  20 

W 

9 

12.5  J  0 

l~ir 

- 

0.9 

V 

-  0.1 

and 

we 

obtain 

a)  for_n-l _ (single  observation  case) 


X 

g(x) 

s. 

T.3091 

6. 

8.0068 

T. 

8.9019 

a. 

9. 003J 

9. 

9.J01T 

10. 

10.0000 

u. 

10.1979 

13. 

io.  mi 

U. 

u.1910 

Ik. 

11.9830 

15. 

13.kT33 

16. 

13.9603 

IT. 

I3.k3*« 

ia. 

13.8919 

19. 

Ik.UIT 

30. 

lk.68T6 

a. 

ik.9*"'- 

32. 

13.' ' 

a. 

Ik. 89-* 

». 

U.37U 

29. 

13.1966 

36. 

13.1331 

27. 

U.5063 

38. 

10.8369 

39. 

10.1193 

30. 

10.1933 

31. 

10.08TO 

33. 

10.0370 

33. 

10.0191 

3k. 

10.0039 

33. 

10.0033 

3t. 

10.0008 

ST. 

10.0003 

38. 

10.0001 

38. 

10.0000 

ko. 

10.0000 

b)  for  n«2  (two  observations], 


6 

T 

8 

9 

10 

11 

12 

13 

lk 

15 

16 

IT 

18 

19 

20 

21 

22 

23 

2b 

5 

6.68 

T.02 

T.35 

T.68 

8.02 

3.35 

8.68 

9.01 

9.32 

9.61 

9.86 

10.01 

10.08 

9. 

.92 

9.53 

8.98 

3.13 

8.02 

T.T8 

T, 

.65 

6 

T.02 

T.35 

T.68 

8.01 

8.35 

8.68 

9.01 

9.33 

9.65 

9.9k 

10.21 

15.11 

10.50 

10. 

.12 

10.12 

9.62 

9.0T 

8.62 

8.32 

8. 

•  IT 

T 

T.35 

T.68 

3.01 

8.3k 

8.68 

9.01 

9.3k 

9.66 

9.98 

10.28 

10.55 

10.  T8 

10.92 

10. 

.91 

10.  TO 

10. 2T 

9.T3 

9.21 

8.90 

3. 

•  TO 

8 

T.68 

8.01 

3.3k 

3.68 

9.01 

9.3k 

9.6T 

9.99 

10.31 

10.62 

10.90 

11.15 

11.33 

U. 

.38 

11.26 

10.92 

10.12 

9.90 

9.51 

9 

.26 

9 

8.02 

8.35 

8.68 

9.01 

9.3k 

9.6T 

10.00 

10.32 

10.65 

10.96 

11.25 

11.52 

U.T2 

u. 

.33 

U.T9 

11.55 

11.11 

10.59 

10.11 

9 

.ai 

10 

8.33 

8.68 

9.01 

9.3k 

9.6T 

10.00 

10.33 

10.66 

10.98 

11.30 

11.60 

11.88 

12. U 

12. 

■  2T 

12.30 

12.15 

U.T9 

11.30 

10.81 

10. 

.ii 

U 

8.68 

9.01 

9.3k 

9.6T 

10.00 

10.33 

10.66 

10.99 

11.32 

11.63 

11.91 

12.23 

12.19 

12. 

.69 

12.  T8 

12. T2 

12.16 

12.02 

11.51 

11. 

.08 

12 

9.01 

9.33 

9.66 

9.99 

10.32 

10.66 

10.99 

11.32 

11.65 

11.9T 

12.29 

12.59 

12.86 

13. 

.09 

13.21 

13-26 

13.09 

12.  T3 

12.23 

11. 

.76 

13 

9.32 

9.65 

9.98 

10. 31 

10.65 

10.98 

11.32 

11.65 

11.98 

12.30 

12.62 

12.93 

13.22 

13. 

.IT 

13. 6t 

13. T5 

13.68 

13.11 

12. 9T 

12. 

•  IT 

Ik 

9.61 

9.9k 

10.28 

10.62 

10.96 

11.30 

11.63 

U.9T 

12.30 

12.63 

12.96 

13. 2T 

13.5T 

13. 

.85 

Ik.OT 

11.22 

11.23 

11.06 

13.69 

13. 

.20 

IS 

9.86 

10.21 

10.55 

10. 9C 

11.23 

11.60 

U.9k 

12.29 

12.62 

12.96 

13.29 

13.61 

13.92 

11. 

.21 

11.16 

11.65 

lk.Tk 

11.66 

11.39 

13. 

.93 

16 

10.0k 

10. kl 

10.  T8 

11.15 

11.52 

11.38 

12.23 

12.59 

12.93 

13.2T 

13.61 

13.91 

11.26 

lk. 

■  56 

11.83 

15.06 

15.20 

15.21 

15.03 

11. 

.65 

IT 

10.08 

10.50 

10.92 

11.33 

U.T2 

12.11 

12.  k9 

12.36 

13.22 

13. 5T 

13.92 

11.26 

11.58 

11. 

.90 

15.19 

15.11 

15.62 

15.  TO 

15.61 

15. 

.31 

IS 

9.92 

10.  kC 

10.91 

11.38 

11.33 

12 .2T 

12.69 

13.09 

13.  kT 

13-85 

lk.21 

11.56 

11.90 

15. 

.22 

15.52 

15. T9 

16.01 

16.13 

16.12 

15 

.90 

19 

9-53 

10.12 

10.  TO 

11.26 

11. T9 

12.30 

12. T8 

13.2k 

13 .6T 

Ik.OT 

lk .  16 

11.83 

15.19 

15. 

52 

15.31 

16.12 

16.36 

16.51 

16.51 

16. 

.38 

20 

8.98 

9.62 

10 .2T 

10.92 

11.55 

12.15 

12. T2 

13.26 

13.T5 

lk.22 

11.65 

15.06 

15.11 

15. 

•  T9 

16.12 

16.12 

16.66 

16.83 

16.  ST 

16. 

.T3 

21 

8.k3 

9.0T 

9.T3 

10.  k2 

ll.ii 

11. T9 

12.  k6 

13.09 

13.63 

lk.23 

lk.Tk 

15.20 

15.62 

16. 

16.36 

16.66 

16.91 

1T.0T 

IT.  10 

16. 

.91 

22 

8.02 

8.62 

9.2k 

9.90 

10.59 

11.30 

12.02 

12. T3 

13.  kl 

lk.06 

lk.66 

15.21 

15.  TO 

16. 

>12 

16.51 

16.33 

1T.0T 

IT. 21 

IT.  20 

16. 

■  9T 

23 

T.T8 

3.32 

8.90 

9.51 

10.1k 

10.31 

11.51 

12.23 

12.9T 

13.69 

11.39 

15.03 

15.61 

16. 

.12 

16.51 

16. 3T 

1,7. 12 

IT.  20 

IT.  10 

16. 

•  T6 

2k 

T.65 

3. IT 

8. TO 

9.26 

9.3k 

10.  kk 

11. 08 

11. T6 

12.  kT 

13.20 

13.93 

11.65 

15.31 

15. 

.90 

16.38 

16.T3 

16.  ** 

16. 9T 

16.  T6 

16. 

.28 

c)  for  i 

1-5  _ 

(five  obseirvations ) 

g(xlfx2, 

Cj,C4,Cs) 

note: 

c3»c4,c 

5  are  chosen  as  ” 

parameters' 

for 

the 

following 

tables 

i)  (c3,c 

4,C5)  -  (10,10,10) 

5 

6 

T 

8 

9  10  u 

12  13  lk 

15 

16 

IT 

18  19 

20  a 

22 

23 

2b 

■N 

5 

8.T6 

8.86 

8.98 

9.13 

9.28  9.13  9.56 

9.66  9.T1  9.T1 

9.6T 

9.60 

9.53 

9. IT  9.12 

9.39  9.3T 

9.36 

9.36 

9.35 

6 

8.86 

8.91 

9.06 

9.20 

9.35  9.50  9.62 

9.71  9.76  9.77 

9.73 

9.67 

9.60 

9.51  9.19 

9.16  9-11 

9.k3 

9.13 

9.13 

T 

8.98 

9.06 

9- IT 

9.31 

9.16  9.60  9. 72 

9.81  9-86  9.87 

9.31 

9.78 

9.T1 

9-65  9.61 

9.58  9.56 

9.55 

9-51 

9.51 

8 

9.13 

9.20 

9.31 

9.U 

9.58  9.72  9.8k 

9.9k  9.99  10.00 

9.JT 

9.92 

9.85 

9.80  9.75 

9.T2  9-TO 

9.69 

9.69 

9.69 

9 

9.28 

9.35 

9.16 

9.58 

9.T2  9.86  9.98 

10.08  10.11  10.15 

10.13 

10.08  10.01 

9.96  9-91 

9.88  9.86 

9.85 

9.85 

9.81 

10 

9.k3 

9.50 

9.60 

9.T2 

9.86  10.00  10.12 

10.22  10.29  10.31  10.23 

10.21 

10. IT 

10.12  10. OT 

10.01  10.02 

10.01 

10.00 

10.90 

H 

9.56 

9.62 

9.T2 

9.8k 

9.98  113.12  10.23 

10.36  10.12  10.15 

10.13 

10.38  10.32 

10.26  10.22 

10.18  10.16 

10.15 

10.15 

10. 14 

12 

9.66 

9.T1 

9.81 

9.9k  10.08  10.22  10.36 

10.16  10.53  10.56 

10.55 

10.50 

10.11 

10.38  10.33 

10.30  10.28 

10.27 

10.26 

10.26 

13 

9-T1 

9.76 

9.86 

9.99  10.1k  10.29  10.12 

10.53  10.61  10.61 

10.63 

10.58  10.52 

10.16  10.11 

10.37  10.35 

10.31  10.33 

10.33 

lk 

9.T1 

9.TT 

9.8T 

10.00 

10.15  10.31  10.15 

10.56  10.6k  10.67 

10.66 

10.61  10.55 

10.18  10.13 

10.10  10. ST  10.36  10.35 

10.35 

13 

9-6T 

9.T3 

9.8k 

9.9T 

10.13  10.28  10.13 

10.53  10.63  10.66 

10.61 

10.60 

10.53 

10. IT  10.H 

10.37  10.35 

10.31  10.33 

10.33 

16 

9.60 

9.67 

9.T8 

9.92  10.08  10.21  10.38 

10.50  10.58  10.61 

10.60 

10.55 

10.18 

10.11  10.36 

10.32  10.29 

10.28  10. 2T 

10. 2T 

IT 

9-53 

9.60 

9.T1 

9.85  10.01  10. IT  10.32 

10.11  10.52  10.55 

10.33 

10.18  10.11 

10.31  10.29 

10.25  10.22 

10.21 

10.20 

10.20 

18 

9.kT 

9.5k 

9.65 

9.80 

9.96  10.12  10.26 

10.38  10.16  10.18 

10.  IT 

10.11 

10.31 

10-iJ  10.22 

10.18  10.16  10.1k 

10.1k 

10.13 

19 

9-k2 

9.19 

9.61 

9.T5 

9.91  10. OT  10.22 

10.33  10.11  10.13  10.11 

10.36 

10.29 

10.22  10.17 

10.13  10.10 

10.09 

10.09 

10.08 

20 

9.39 

9.16 

9.58 

9.T2 

9.88  10.01  10.18 

10.30  10.37  10.10 

10. 3T 

10.32  10.25 

10.18  10.13 

10.09  10. OT 

10.06  10.05 

10.05 

21 

9.3T 

9.1k 

9.56 

9. TO 

9.86  10.02  10.16 

10.28  10.33  10.37 

10.35 

10.29 

10.22 

10.16  10.10 

10.07  10.05 

10.03  10.03 

10.02 

22 

9.36 

9.H 

9.35 

9.69 

9.83  10.01  10.15 

10.27  10.31  10.36 

10.31 

10.28  10.21 

10.1k  10.09 

10.06  10.03 

10.02 

10.02 

10.01 

23 

9.36 

9.13 

9.5k 

9.69 

9.83  10.00  10.13 

10.26  10.33  10.33 

10.33 

10. 2T 

10.20 

10.1k  10.09 

10.05  10.03  10.02 

10.01 

10.01 

2k 

9.35 

9.13 

9.5k 

9.69 

9.8k  10.00  10.1k 

10.26  10.33  10.35 

10.33 

10.27 

10.20 

10.13  10.08 

10.03  10.02 

10.01 

10.01 

10.00 

12' 


ii>  (C3,C4,C5)  -  (10,10,25) 


V 

«2  5 

6 

T 

8 

9 

10 

11 

12 

13 

lk 

15 

16 

IT 

18 

19 

20 

a 

22 

23 

21 

V 

5 

k 

8.39 

8. TO 

8.8k 

9.01 

9.18 

9.35 

9.50 

9.61 

9.66 

9.66 

9.62 

9.51 

9.16 

9.39 

9.33 

9.30 

9.2T 

9.26 

9.26 

9.25 

6 

8. TO 

8.80 

8.93 

9.09 

9.26 

9.k3 

9.5T 

3. St 

9.T3 

9.T3 

9.69 

9.62 

9.5k 

9.17 

9.U 

9.38 

9.36 

9.35 

9-31 

9.31 

7 

8.8k 

8.93 

9.06 

9.22 

9.38 

9.5k 

9.68 

9.T8 

9.81 

9.85 

9.81 

9.T1 

9.6T 

9.60 

9.31 

9.51 

9.19 

9.18 

9.1T 

9. IT 

8 

9.01 

9.09 

9.22 

9.3T 

9.53 

9.68 

9.82 

9.93 

9.99 

10.00 

9.9T 

9.90 

9.83 

9.76 

9.71 

9.68 

9.66 

9.65 

9.61 

9-61 

9 

9.18 

9.26 

9.38 

9.53 

9.69 

9.8k 

9.98 

10.09 

10.16 

10. IT 

10.13 

10.09 

10.01 

9.95 

9.90 

9.86 

9.8k 

9.83 

9.82 

9-82 

10 

9.35 

9.k3 

9.5k 

9.68 

9.8k 

10.00 

10.1k 

10.26 

10.33 

10.35 

10.33 

10.27 

10.20 

10.13 

10.08 

10.05 

10.02 

10.01 

10.01 

10. 00 

U 

9.50 

9.5T 

9.68 

9.82 

9-98 

10.1k 

10.29 

10.11 

10.18 

10.51 

10.19 

10. kl 

10. 3T 

10.30 

10.23 

10.21 

10.19 

10.18 

10. IT 

10. IT 

17 

9.61 

9.6T 

9.T8 

9.93 

10.09 

10.26 

10.  kl 

10.33 

10.61 

10.6k 

10.63 

10. 5T 

10.31 

10.11 

10.38 

10.31 

10.32 

10.31 

10.30 

10.30 

13 

9.66 

9.T3 

9.8k 

9.99 

10.16 

10.33 

10.14 

10.61 

10.  TO 

10.  T3 

10.72 

10 .67 

10.60 

10.53 

10.  IT 

10.13 

10.10 

10.39 

10.38 

10.38 

lk 

9.66 

9.T3 

9.85 

10.00 

10. IT 

10.35 

10.31 

10.61 

10.73 

10  .TT 

10.75 

10.70 

10.63 

10.56 

10.50 

10.16 

10.13 

10.12 

10. -1 

10. kl 

1J 

9.62 

9.69 

9.81 

9.9T 

10.15 

10.33 

10.19 

10.63 

10. T2 

10. 75 

10.71 

10.69 

10.61 

10.5k 

10.18 

10.13 

10.H 

10.39 

10.36 

10.38 

16 

9.5k 

9.62 

9.Tk 

9.90 

10.09 

10.2T 

10. U 

10. 5T 

10. 6T 

10.70 

10.69 

10.63 

10.55 

10. IT 

13.11 

10. 3T 

10.31 

10.33 

10.32 

10.31 

IT 

9.k6 

9.5k 

9. ST 

9.83 

10.01 

10.20 

10. 3T 

10.51 

10.60 

10.63 

10.61 

10.55 

10.17 

10.39 

10.33 

10.29 

10.26 

10.21 

10.21 

10.23 

18 

9.39 

9.kT 

9.60 

9.T6 

9.95 

10.13 

1C. 30 

10.11 

10.53 

10.56 

10.31 

10. IT 

10.39 

10.32 

10.25 

10. a 

10.18 

10. IT 

10.16 

10.16 

19 

9.33 

9.kl 

9.5k 

9.n 

9.90 

10.08 

10.25 

10.38 

10.  IT 

10.30 

10.18 

10.11 

10.33 

10.25 

10.19 

10.15 

10.12 

10. 11 

10.13 

10.13 

20 

9.30 

9.38 

9.51 

9.68 

9.86 

10.05 

10.21 

10.31 

10.13 

10.16 

10.13 

10.37 

10.29 

10.21 

10.15 

io  .a 

10.08 

10. 3T 

10.06 

10.05 

21 

9-2T 

9.36 

9.k9 

9.66 

9.8k 

10.02 

1C. 19 

10.32 

10.10 

10.13 

10.11 

10.31 

10.26 

10.18 

10.  IT 

10.08 

10.05 

10.01 

10.03 

10.03 

22 

9.26 

9.33 

9.k8 

9.65 

9.83 

10.01 

10.13 

10.31 

10.39 

10.12 

10.39 

13.33 

10.21 

10.17 

10.11 

10.07 

10.01 

13.03 

10.02 

10.02 

23 

9.26 

9.3k 

9.kT 

9.6k 

9.82 

10.01 

10. IT 

10.  X 

10.38 

10.11 

13.38 

10.32 

10.21 

10.16 

10. 10 

10.06 

10.03 

13.02 

1Q.C1 

10.31 

2k 

9.25 

9.3k 

9.kT 

9.6k 

9.82 

10. X 

1C.  IT 

10.30 

10.38 

10.11 

10.38 

10.31 

10.23 

10.16 

10.10 

10.05 

10.03 

10.02 

13.01 

10.31 

8.  Optimal  Trimming 


Gislar  haa  shown  [11  that  for  givan 
tha  approximation 

n 

a  +  b  £  (x.aM)  to  u(fl) 
i-1  1 

calculated  as  follows 


✓N 

U(8)  • 

can  ba 


M  the  optimal  choice  of 


n 


L 


and  hence  to 


16)  b 


bl 

1  where 
(n-l)b2+b3 


17)  a  +  nb  B(Xam]  -  E[x] 


bx  ■  Cov  [XjAM,  x2l 
b3  »  Cov  [x^aM,  x2am] 
b3  -  Var  [Xjam] 


With  this  optimal  choice  we  than  have 
18)  E  w(0))  *]  -  w  -  n  b-bj. 

Bence  the  trimming  point  M  is  optimal  if  b^  is  maximum. 


13- 


In  our  basic  modal  (cf.  saction  2)  we  find 
19)  bx  -  (1-ir) 1  Cov|>w”(9),  u0(9)J  where 


U"(9)  -  E  XaM 


/9.X  ordinary 


] 


b2  •  (1-ir)  2  Var 
b3  -  (1-it)e|o*M<9)] 


Uq(9)  -  E|\x/9fX  ordinary  “j 


+  irc2M+  (1-ir)2  Varl 


+ir 


{*>]  * 
a-,)  i  /,ti))  -  »:)* 


0 

,2M 

e 

.M 


with  <j*m(9)  •  Var^UM 


79, x  ordinary 


M**/*  excess] 


E  XaM 


/X  excess 


Using  explicitely  the  normal  distribution  as  assumed  both  for  or¬ 
dinary  and  excess  claims  in  section  6  we  obtain  from  some  rather 
tedious  integrations: 

Let  *(.)  denote  the  standardized  normal  distribution  function 
and  <p(.)  the  standardized  normal  density  function,  then 

^M-m0\ 

\  a.  / 


a  ■  /v  +  w‘ 
o 


20)  bL  -  (1-ir)  w* 

b2  -  (l-ir)*Cov  j^UjAM  ,  OjjAMj 

where  the  covariance  is  obtained  by  numerical  Integration, 
notation:  (01,U2)  is  H  ^  ,  {j  with  I  -  ^  ^ ) 
b3  -  A  -  Bl 


A  -  (1-ir)  j^(»o+Oo)  ♦  — J  “  °0  (M+m  )  <p  ^ 

♦  «  •  \^j  -  VM*V  .  ( 


-15- 

a)  Results  for 

n»l  (single  observation  case) 

Truncation  point 

M  -  14.68 

formula : 

$-0 . 4412 (XaM) +9 . 5817  $*0 . 4902 (x*M) +5 . 0908 

X 

5 

11.79 

7.54 

6 

12.23 

8.03 

7 

12.67 

8.52 

8 

13.11 

9.01 

9 

13.55 

9.50 

10 

13.99 

9.99 

11 

14.43 

10.48 

12 

14.88 

10.97 

13 

15.32 

11.46 

14 

15.76 

11.95 

15 

16.06 

12.29 

16 

16.06 

12.29 

17 

16.06 

12.29 

18 

16.06 

12.29 

19 

16.06 

12.29 

20 

16.06 

12.29 

b)  Results  fog  o»2 
truncation  point  M  -  19.52 

b.)  approximation  to  total  premium  Pfxl 

2 

formula:  P  «  0.2289  l  (XjAM)  +  9.0351 


6 

T 

6 

9 

10 

U 

U 

13 

lk 

13 

U 

IT 

16 

19 

20 

21 

22 

23 

2k 

J 

U.32 

11.33 

U.T8 

13.01 

12.3k 

U.kT 

U.TO 

U.93 

13.16 

13.36 

13.61 

13. 8k 

Ik.OT 

lk.30 

16.93 

lk.69 

lk.69 

16.69 

lk.69 

lk.69 

( 

11.33 

U.T6 

13.01 

13.3k 

U.kT 

U.TO 

U.93 

13.16 

13.36 

13.61 

13.6k 

Ik.OT 

lk.30 

lk.33 

lk.76 

lk.88 

16.88 

lk.88 

16.86 

lk.86 

r 

U.T9 

13.01 

13.3k 

U.kT 

u.ro 

U.93 

13.16 

13.36 

13.61 

13.8k 

Ik.OT 

lk.30 

lk.33 

lk.76 

lk.99 

13.11 

13.U 

13.11 

13. a 

13  .U 

s 

ia.oi 

13.3k 

13. kT 

13. TO 

U.93 

13.16 

13.38 

13.61 

13.6k 

Ik.OT 

lk.30 

lk.33 

lk.T6 

lk.99 

19.22 

13.33 

13.33 

19.33 

13.33 

19.33 

9 

u.3k 

13. kT 

13.70 

13.93 

13.16 

13.36 

13.61 

13.6k 

lk.07 

lk.30 

lk.33 

lk.T6 

lk.99 

19.22 

13.  kk 

13.96 

13.96 

13.96 

13.96 

19.96 

10 

ia>T 

13.70 

13.93 

13.16 

13.36 

13.61 

13.6k 

Ik.OT 

lk.30 

lk.33 

lk.T6 

lk.99 

19.22 

13.  kk 

19.67 

13.79 

13.79 

19-79 

13.79 

13. T9 

u 

11.  TO 

13.93 

13.16 

13.36 

13.61 

13.6k 

Ik.OT 

lk.30 

lk.33 

lk.76 

lk.99 

19.22 

19. kk 

13 .6T 

19.90 

U.02 

U.02 

16.02 

16.02 

U.02 

13 

13.93 

13.16 

13.38 

13.61 

13.8k 

Ik.OT 

lk.30 

lk.S3 

lk.T6 

lk.99 

13.22 

19.  kk 

19. 6T 

19.90 

16.13 

U.23 

16.23 

16.29 

U.29 

U.23 

13 

13.16 

13.36 

13.61 

13.6k 

Ik.OT 

lk.30 

lk.33 

lk.T6 

lk.99 

19.22 

13. kk 

13.67 

13.90 

16.13 

U.36 

16.68 

16.68 

16.68 

16.68 

16.68 

Ik 

13.36 

13.61 

13.8k 

lk.07 

lk.30 

lk.33 

lk.T6 

lk.99 

13.22 

13.  kk 

13. 6T 

19 .90 

16.13 

16.36 

16.39 

u.n 

u.n 

u.n 

u.n 

u.n 

U 

13.61 

13.6k 

Ik.OT 

lk.30 

lk.J3 

lk.T6 

lk.99 

13.22 

IS.  kk 

13.67 

13.90 

16.13 

16.36 

16.99 

U.82 

U.9k 

U.9k 

U.9k 

16.96 

U.9k 

U 

13.6k 

Ik.OT 

lk.30 

lk.33 

lk.T6 

lk.99 

13.22 

13. kk 

13.67 

13.90 

U.13 

16.36 

16.99 

16.82 

17.03 

IT.  IT 

IT.  17 

17.17 

IT. IT 

IT. IT 

IT 

Ik.OT 

lk.30 

lk.33 

lk.T6 

lk.99 

13.22 

13. kk 

13.67 

13.90 

16.13 

16.36 

U.  39 

16.62 

IT. 09 

IT. 26 

17.39 

17.39 

IT.  39 

17.39 

IT.  39 

ie 

Ik. 30 

lk.33 

lk.T6 

lk.99 

13.22 

13. kk 

13.6T 

13.90 

16.13 

16.36 

U-99 

16.82 

17.03 

IT.  28 

17.90 

17.62 

17.62 

17.62 

17.62 

17.62 

19 

lk. 33 

lk.T6 

lk.99 

13.33 

13. kk 

13.67 

13.90 

16.13 

16.36 

16.39 

16.82 

it.:« 

17.28 

IT. 90 

1T.T3 

1T.89 

17.89 

IT.  89 

IT. 83 

IT. 83 

» 

lk.63 

u.as 

13.11 

13.33 

13.36 

13. T9 

16.02 

16.23 

16. k8 

16.TI 

u.9k 

17.1T 

IT. 39 

17.62 

17.89 

1T.9T 

IT.9T 

1T.9T 

17.97 

IT.  97 

n 

lk.63 

lk.sa 

13 .11 

13.33 

13.36 

13  .T9 

16.02 

16.23 

16.k8 

u.n 

16.9k 

17.17 

IT. 39 

17.62 

17.89 

1T.9T 

IT.9T 

IT.9T 

IT.9T 

IT.  97 

» 

lk.63 

lk.86 

13. U 

13.33 

13.36 

13. T9 

^6.02 

16.23 

16.  k6 

u.n 

U.9k 

17.17 

17.39 

17.62 

17.83 

17.97 

IT.9T 

1T.9T 

1-.9T 

1T.9T 

n 

lk.63 

lk.88 

13.11 

13.33 

13.36 

13. T9 

16.02 

16.23 

16.  kl 

u.n 

16.9k 

17.1- 

IT.  39 

17.62 

17.69 

1T.9T 

1T.9T 

1T.9T 

IT.  97 

17.9T 

Ik 

lk.63 

lk.86 

13.11 

13.33 

13.36 

13. T9 

16.02 

16.23 

16. k8 

u.n 

U.9k 

17. IT 

17.39 

IT. 62 

17.83 

1T.9T 

IT.9T 

IT.  97 

17.97 

IT.9T 

-16- 


b^)  approximation  to  ordinary  premium 
~  2 
formula :  $  -  0.2543  £  (x.aS)  +  4.4834 

1-1 


2<x)_ 


hV  ’ 


5 

6 
T 
• 
9 

10 

U 

u 

13 

11 

11 

IS 

IT 

IS 

19 

20 

a 

23 

23 

21 


:.oi 
T.2S 
T.13 
T.79 
S.01 
8.30 
8.11 
8.81 
9.08 
9.32 
9.  IT 
9.82 
10.08 
10.33 
10.19 
10.T2 
10.T2 
10.T3 
10.T3 
10.T2 


T.28 

T.13 

T.T9 

8.01 

8.30 

8.11 

8.81 

9.08 

9.32 

9.1T 


T.13 
T.T9 
8.01 
8.30 
8.11 
8.81 
9.08 
9.33 
9. IT 
9.82 


8.01 

8.30 

8.11 

8.81 

9.08 

9.33 

9.1T 

9.83 


9.83  10.08 
10. 08  10.33 
10.33  10.19 
10.19  10.81 
10.81  11.10 
L0.9T  11.23 
10.9T  U.23 
10.97  U.23 
10.97  U.23 
10.97  U.23 


T.79 
8.01 
8.30 
8.11 
8.81 
9.08 
9.32 
9.17  . 
9.82  10.08 
10.08  10.33 
10.33  10.19 
10.19  10.81 
10.81  U.10 
U.10  U.  31 
U.31  U.S0 
U.18  U.TS 

u.s8  u.n 
u.18  u.7l 
u.18  u.n 

U.18  U.TS 


10 

8.30 

8.11 

8.81 

9.08 

9.32 

9.17 

9.82 

10.08 

10.33 

10.59 

10.81 

U.10 

U.31 

u.so 

U.88 

U.99 

U.99 

U.99 

U.99 

U.99 


12  13 


11 


11  16  IT  18 


19 


20  a  22  23 


21 


8.11  8.81  9.08  9.32  9. IT  9.82  10.08  10.33  10.19 

8.81  9.08  9.32  9.17  9-82  10.08  10.33  10.19  10.81 

9.08  9.32  9.17  9.82  10.08  10.33  10.19  10.81  U.10 

9.32  9.17  9.82  10.08  10.33  10.19  10.81  U.10  U.31 

9. IT  9.82  10.08  10.33  10.19  10.81  u.10  U.31  U.60 

9.82  10.08  10.33  10.19  10.81  U.10  U.31  U.60  U.86 

10.08  10.33  10.19  10.81  u.10  U.31  U.60  U.88  12. U 

10.33  10.19  10.81  U.10  U.31  U.60  U.86  12.U  12. IT 

10.19  10.81  U.10  U.31  U.60  U.86  12.U  12.37  12.62 

10.81  U.10  U.31  U.SO  U.86  12.U  12.37  12.62  12.88 

U.10  U.31  U.60  U.88  12. U  12.37  12.62  12.88  13.13 

U.31  U.60  U.88  12. U  12.37  12.62  12.88  13.13  13.38 

U.SO  U.88  12. U  12.37  12.62  12.88  13.13  13-31  13-61 

U.88  12 .U  12.37  12.62  U.88  13.13  13.38  13.61  13.89 

12. U  12.37  12.62  12.88  13.13  13.38  13.61  13.89  11.11 

12.21  12.10  12.71  13.31  13.26  13.12  13. T7  11.02  H.28 

12.21  12.10  12.71  13.01  13.26  13.12  13.77  H.02  11.28 

12.21  12.10  12.71  13.01  13.26  13.12  13.Tr  11.02  H.28 

12.21  12.10  12.71  13.01  13.26  13.12  13.77  H.02  U.28 

12.21  12.10  12.71  13.01  13.26  13.12  13.77  11.32  11.28 


10.72  10.72  10.72  10.72  10.72 
10.97  10.97  10.97  10.97  10.97 
U.23  11.23  U.23  U.23  U.23 
U.18  U.18  U.18  U.18  U.18 
U.71  U.71  U.7S  U.71  U.71 
U.99  U.99  U.99  U.99  U.99 
12.21  12.21  12.21  12.21  12.21 

12.10  12.10  U.10  U.10  U.10 
U.71  U.71  U.71  U.71  U.71 
13.01  13.01  13.31  13.01  13.01 
13.26  13.28  13.26  13.26  13.26 
13.12  13.12  13.12  13-12  13.12 
13.77  13.77  13.77  13-77  13.77 
11.02  11.02  11.02  11.02  11.02 
11.28  U.28  11.28  11.28  11.28 

11.11  11.11  11.11  11.11  r..n 

11.11  ll.ll  ll.li  11.11  il.U 
11.11  11.11  11.11  11.11  11.11 
11.11  ll.U  ll.ll  ll.ll  ll.U 
11.11  11.11  ll.ll  ll.ll  ll.ll 


cj m Results  for . „n-S 

truncation  point  M  -  22.82 
A  5 

formula*:  P  -  0.1241  l  (x.aN)  +  7.0561  total  premium 

i-1  1 

5  - 

§  -  0.1378  l  (x.aM)  +  2.2845  ordinary  premium 
i-1 

Sli  approximation  to  total  premium  P[x]  -  Pfx^Xj,  |C1/C^CS] 

chosen  as  fixed 

i)  (C^rCjfCg)  •  (10,10,10)  parameter  values 


iV 


10 


13  11 


15 


18  IT  18 


19 


1  U.02  U.U  U.2T  U.39  U.12  U.SS  U.TS  U.S9  13.01  13.H  13.28 

6  U.n  U.27  u.39  U.U  U.6S  U.TS  U.89  13.01  13.11  13.26  13.39 

7  U.2T  12.39  U.U  U.61  U.TS  U.89  13.01  13.11  13.28  13.39  13.11 

8  U.39  U.U  U.61  U.TS  U.89  13-01  13.11  13.28  13.39  13.11  13.63 

9  U.U  U.61  U.TS  U.89  13.01  13.H  13.28  13.39  1  3.11  13.63  13.T6 

10  U.6S  U.TS  U.89  13.01  13. H  13.26  13.39  13.11  13-63  13-76  13.88 

U  U.T6  U.89  13.01  13.U  13.28  13.39  13.11  13.63  13.78  13.88  11.91 

U  U.89  13.01  13.11  13.28  13.39  13.11  13.63  13.76  13.88  11. 01  11.13 

13  13.01  ll.U  13.28  13.39  13.11  13.63  13.78  13.88  11.01  11.13  11.21 

11  13.11  13.28  13.39  13.11  13.63  13.T6  13.88  11.01  11.13  11.21  11. 38 

11  13.28  13.39  13.11  13.63  13.76  13.88  11.01  11.13  11.21  11.38  11.10 

16  13.39  13.11  13.63  13.78  13.88  11.01  11.13  U.2!  11.38  11.50  11.63 

IT  13.11  13.63  13.76  13.88  11.91  11.13  U.28  11. 38  11.10  11.63  IS.*! 

18  13.63  13-76  13.88  11.91  U.13  H.2!  U.38  11.10  11.6!  11.71  11.8? 

19  13.76  13.88  11.01  11.13  11.21  H.38  U.10  11.63  11.71  11.87  11.09 

20  13.88  11.01  11.13  11.2!  U.38  11.10  U.63  11.71  n.ST  11.00  ll.U 

21  U.Ol  11,13  11.21  u.18  n.io  U.63  11. T!  11.87  11.90  ll.U  11.2! 

22  11.13  H.2!  11.36  11. 19  1-.63  H.7!  11.87  11.00  ll.U  11.21  11.37 

23  U.23  H.38  11.18  U.61  U.n  H.8!  H.98  11.19  11.23  11.3!  U.ir 

21  U.23  11.36  U.18  U.61  U.T3  H.Sl  U.98  11.10  11.23  11.3!  11. IT 


13.39  13.11  13.63  13.76  13.88  11.01  11.13 
13.11  13.63  13.76  13.88  11.01  U.13  U.2! 

13.63  13.76  13.88  11.01  11.13  11.21  11.38 
13.?6  13.88  1131  11.13  U.2!  H.38  U.10 

13.38  U.C1  11.13  11.2!  11.38  11.10  11.63 
11.91  U.13  U.21  U.18  U.10  11.63  11.75 
11.1!  11.25  11.38  11.10  H.63  U.71  11.87 
U.2!  11.38  U.10  U.63  H.T3  11.87  11.00 

11.38  ll.U  U.63  11.71  H.8T  11.00  ll.U 
11.19  11.63  U.71  11.87  11.00  ll.U  11.2! 

11.63  H.T5  11.87  ll.OC  ll.U  11.2!  11. 3? 
U.*l  11.87  11.00  ll.U  11.21  11. 37  11. #9 
11.87  11.00  ll.U  15.25  11. ST  15.19  11.62 
11.99  ll.U  11.25  11. 57  11.19  11.62  11.71 
ll.U  11.23  11.37  11.19  11.62  11.71  11.87 
11.21  11.37  11.19  11.62  11.71  15.87  15.99 
11.37  11.19  15.62  15. *1  11.87  15.99  16.U 
11.19  15.62  15.71  15.87  15.99  U.U  16.2- 
11.69  11.72  13.85  11.97  16.09  l6.U  16.3- 
11.69  13.72  11.8!  13.9?  16.09  U.U  16.31 


23 

11.23 

U.36 

lk.  16 

ll. 61 
n.*3 
n.s; 

n.98 
11.19 
11.23 
11.31 
15.1? 
il.6: 
11. *2 
11.81 
11.9* 
16.99 
16.22 
16. !- 
16-* 
U.-l 


11.23 

U.36 

n.i8 
11.61 
11.73 
U.85 
n.98 
11.10 
11.23 
13.35 
15.17 
11 -6C 
15.72 
11.85 
15.97 
16.09 
16.22 
16.3- 
16.-1 
16.11 


33H85S5KSSCCeS».-,<*-  ^  »  »8C  £5  fcS  VC  CP  £«  •.*. 
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ii)  (C3,C4,C5)  -  (10,10,25) 


«j  J  6  r  a  9  10  U  12  13  lk  15  16  IT  18  19  20  21  22  23  2* 


13.61  13-Tk  13.86  13.98  lk.U  Ik. 23  Ik. 36  lk.kS  lk.6l  lk.T3  lk. 83  lk.98  13.10  13.23  13.33  13. kT  13.60  13.T2  13.83  13.83 

13.7k  13.86  13.98  lk.U  lk.23  lk. 36  lk.k8  lk.6l  Ik. 73  Ik. 83  lk.98  13.10  13.23  13.33  13.kT  13.60  13.72  13.83  13.93  13.93 

13.86  13.98  lk.U  lk.23  lk.36  lk.k8  lk.6l  lk.73  lk.83  lk.98  13.10  13.23  13.33  13.k7  13.60  13.72  13.83  13.97  16.07  16.07 

13.98  lk.U  lk.23  lk.36  lk.k6  lk.6l  lk.73  lk.83  lk.98  13.10  13.23  13.33  13.k7  13.60  13.T2  13.83  13.97  16.09  16.20  16.20 

lk.U  lk.23  lk.36  lk.k8  lk.6l  lk.73  lk.83  lk.98  13.10  13.23  13.33  13. k?  13.60  13.72  13.83  13.97  16.09  16.22  16.32  16.32 

lk.23  lk.36  lk.k6  lit .61  lk.73  lk.83  lk.98  13.10  13.23  13.33  13.k7  13.60  13.72  13.83  13.97  16.09  16.22  16.3k  16. k3  16. k3 

lk.36  lk.k8  lk.6l  lk.73  lk.83  U.98  13.10  13.23  13.33  13.k7  13.60  13.72  13.83  13.97  16.09  16.22  16. 3k  l6.k?  16.37  16.37 

lk.kS  lk.6l  lk.73  lk.S3  lk.98  13.10  13.21  13.33  IS. k7  13.60  13.72  13.83  13.97  16.09  16.22  16. 3k  I6.k7  16.39  16.69  16.69 

lk.61  lk.73  lk.83  lk.98  13.10  13.23  13.13  13.k7  13.60  13.72  13.83  13.97  16.09  16.22  16.3k  16.17  16.39  16.71  16.82  16.82 

lk.73  lk.83  lk.98  13.10  13.23  13.33  13.k7  13.60  13.72  13.83  13.97  16.09  16.22  16. 3k  16.17  16.39  16.71  16.8k  16.9k  16.9k 

lk.83  lk.98  13.10  13.23  13.33  13.k7  13.60  13.72  13.83  13.97  16.09  16.22  16. 3k  I6.k7  16.39  16.71  16.8k  16.96  17.07  17.07 

lk.98  13.10  13.23  13.33  13.k7  13.60  13.72  13.83  13.97  16.99  16.22  16.3k  16. kT  16.39  16.71  16.8k  16.96  17.09  17.19  17.1? 

13.10  13.23  15.33  1’*  >7  13.60  13.72  13.83  13.97  16.09  16.22  16. >  l6.k7  16.39  16.71  16.8k  16.96  17.09  17.21  17-31  17.31 

15.23  15.33  13- k7  13.60  13.72  13.83  13.97  16.09  16.22  16.3k  I6.k7  16.39  16.71  16.8k  16.96  17.09  17-21  17.]k  17.kk  lT.kk 

15.33  13.k7  13.60  15.72  15.83  13.97  16.09  16.22  16. 3k  16. kT  16.39  16.71  16.8k  16.96  1T.09  17.21  17.3k  17.16  17.36  17.36 

13.k7  15-60  13.72  13.83  13.97  16.09  16.22  16. Jk  16. IT  16.59  16.71  lS.Sk  16.96  17.09  17.21  17.3k  17.k6  17.38  17.69  17.69 

13.60  13.72  13.83  13.97  16.09  16.22  16. 3k  l6.k7  16.39  16.71  16. 8k  16.96  17.09  17.21  17.3k  17.k6  17.38  17.71  17.81  17.81 

13.72  13.83  13.97  16.09  16.22  16.3k  16. kT  16.59  16.71  16.8k  16.96  1T.09  17.21  17.3k  17.16  17.58  17.71  17.83  17.93  17.93 

15.83  13.93  16.07  16.20  16.32  16.k3  16.37  16.69  16.82  16.91  17.07  17.19  17.31  IT.kfc  17.36  17.69  17.81  17.93  18.0k  18.0k 

13.83  13.93  16.07  16.20  16.32  16.13  16.57  16.69  16.82  16.9k  17.07  17.19  17.31  17.kk  17.36  17.69  17.81  17.93  18.0k  18.0k 


c^)  approximation  to  ordinary  premium  g (x) 
i)  (C3,C4,C5)  -  (10,10,10) 


g(x1,x2. 


Ci# Cj/Cj ) 


chosen  as  fixed 
parameters 


10 


12  13  lk  13 


17  18  19 


7.80 
7.93 
8.07 
8.21 
8.33 

8. k9 
8.62 
8.76 
8.90 
9.0k 
9.17 

9. U 
9.k3 
9.39 
9.73 
9.86 

10.00 
10.1k 
10.23 
2k  10.23 


7.93 

8.07 

8.21 

8.33 

8. k9 
8.62 
8.76 
8.90 
9.0k 
9.17 
9.31 

9. kS 

9.39 
9.73 
9.86 

10.00 

10.1k 

10.28 

10.39 
10.39 


8.07 

8.21 

8.33 
S.k9 
8.62 
8.76 
8.90 
9.0k 
9.17 
9.31 
7.k3 
9.39 
9.73 
9.86 

10.00 
10.1k 
10.28 
10.  kl 

10.33 
10.33 


4.21 

8.33 

8. k9 
8.62 
8.76 
8.90 
9.0k 

9.17 

9-11 

9. k3 
9.39 
9.73 
9.86 

10.00 
10.1k 
10.28 
10. kl 
10.33 
10.67 
10.67 


8.33  a.k9 
a.k9  8.62 
8.62  8.76 
8.76  8.90 
8.9C  9.0k 
9.0fc  9.17 
9.17  9-31 
9.31  9.kS 
9.kS  9.39 
9.39  9.73 
9.73  9.86 
9.86  10.00 
10.00  10.1k 
10.1k  10.28 
10.28  10. kl 
10. kl  10.33 
10.33  10.69 
10.69  10.83 
10.80  10.9k 

10.80  10.9k 


8.62 

8.76 

8.90 

9.0k 

9.17 

9.11 

9.k3 

9.39 

9.73 


8.76 

8.90 

9.0k 

9.17 

9.11 

9.k3 

9.59 

9.71 


8.90 

9.0k 

9.17 

9.31 

9.k5 

9.39 

9.73 


9.0k 

9.17 

9.31 

9.kS 

9.59 

9.73 


9.17 

9.31 

9.k5 

9.39 

9.73 


9.31 

?.k5 

9.59 

9.73 

9.86 


9.86  10.00 


9.86  10.00  10.1k 


9.86  10.00  10.1k  10.28 
9.86  10.00  10.1k  10.28  lO.kl 
9.86  10.00  10.1k  10.28  10. kl  10.53 
10.00  10.1k  10.28  10. kl  10.53  10.69 
10.1k  10.28  lO.kl  10.53  10.69  10.83 
10.28  lO.kl  10.53  10.69  10.83  10.97 
lO.kl  10.53  10.69  10.83  10.97  U.1C 
10.53  10.69  10.83  10.97  U.10  U.2k 
10.69  IC.Sl  10.97  U.10  U.2k  U.38 
10.83  10.97  U.10  U.2k  U.38  U.52 
10.97  U.10  U.2k  U.38  U.32  U.65 
U.08  U.22  U.36  u.k9  U.63  U.TT 
U.38  U.22  U.36  U.k9  U.63  U.TT 


9.k0  9.39 
9.39  9.73 
9.73  9.86 
9.86  10.00 

10.00  10.1k 
10.1k  10.28 
10.28  lO.kl 
lO.kl  10.55 
10.53  10.69 
10.69  10.83 
10.83  10.97 
10.97  U.10 
U.1C  U.2k 
U.2U  U.38 
U.38  U.32 
U.52  U.65 
U.65  U.T9 

u.*?  11.43 

U.91  12.  Ok 
U.91  12.0k 


9.73 

9.86 

10.00 

10.1k 

10.28 

lO.kl 

10.55 

10.69 

10.83 

10.97 

U.10 

U.2k 

U.38 

U.32 

U.63 

U.T9 

U.93 

12.07 

12.18 

12.18 


20 

a 

22 

23 

2k 

9.86 

10.00 

10.1k 

10.23 

10.25 

10.00 

10.1k 

10.28 

10.39 

10.39 

10.1k 

10.28 

lO.kl 

10.53 

10.33 

10.28 

lO.kl 

10.33 

10.67 

10.67 

lO.kl 

10.53 

10.69 

10.80 

10.80 

19.33 

10.69 

10.83 

10.9k 

10.?k 

IO.69 

10.83 

10.97 

U.08 

U.08 

10.83 

10.97 

U.10 

U.22 

U.22 

10.97 

U.10 

U.2k 

U.36 

U.36 

U.10 

U.2k 

U.38 

U.k9 

U.U9 

U.2k 

U.38 

U.52 

U.63 

U.63 

U.38 

U.52 

U.63 

U.77 

U.TT 

U.32 

U.63 

U.79 

U.91 

U.91 

U.63 

U.T9 

U.93 

U.04 

12.3k 

U.T9 

U.93 

U.OT 

U.1S 

U.18 

U.91 

U.OT 

U.21 

U.32 

U.32 

12.07 

U.21 

U.3k 

U.k6 

U.k6 

12.21 

U.3k 

U.k8  U.60 

12.60 

U.32 

U.k6 

U.60 

U.T1 

U.71 

U.32 

u.k6 

U.60 

U.71 

U.T1 

18- 


ii)  (C3,C4,C5)  -  (10,10,25) 


■A 

*2  » 

6 

T 

6 

9 

10 

u 

U 

13 

lk 

15 

16 

IT 

16 

19 

a 

21 

a 

23 

2k 

5 

1 

9.56 

9. TO 

9.8k 

9.96 

10.12 

10.25 

10.39 

10.53 

10.67 

10.80 

10.9k 

11.06 

u.a 

U.36 

U.k9 

U.63 

u.rr 

U.91 

u.a 

u.a 

6 

9. TO 

9.6k 

9.}8 

10.12 

10.25 

10.39 

10.53 

10.67 

10.80 

10.9k 

U.06 

u.a 

U.36 

U.k9 

U.63 

u.rr 

u.91 

U.Ok 

u.16 

u.16 

T 

9.8k 

9.96 

10.12 

10.25 

10.39 

10.53 

10.67 

10.60 

10.9k 

U.06 

u.a 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.18 

U.30 

u.30 

• 

9.96 

10.13 

10.25 

10.39 

10.53 

10 .6T 

10.80 

10.9k 

U.08 

U.22 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.16 

U.32 

u.k3 

U.k3 

9 

10.12 

10.25 

10.39 

10.53 

10. 6t 

10.80 

10.9k 

U.08 

u.a 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.18 

U.32 

U.k6 

U.ST 

U.ST 

10 

10.25 

10.39 

10.53 

10.6T 

10.80 

10.9k 

U.06 

U.22 

U.36 

U.k9 

11.63 

u.rr 

u.91 

U.Ok 

U.18 

U.32 

U.k6 

U.oO 

u.n 

u.n 

U 

10.39 

10.53 

10 .6T 

10.80 

10.9k 

U.06 

U.22 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.18 

12.32 

U.k6 

U.60 

U.T3 

U.85 

U.63 

12 

10.53 

10.6T 

10.80 

10.9k 

U.08 

U.22 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.18 

U.32 

U.k6 

U.60 

U.T3 

U.ST 

U.99 

U.99 

13 

10.6T 

10.80 

10.9k 

U.08 

U.22 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.16 

U.32 

U.k6 

U.60 

U.T3 

U.ST 

13.01 

13.U 

13. U 

lk 

10.80 

10.9k 

U.08 

U.22 

U.36 

U.U9 

U.63 

u.rr 

U.91 

U.Ok 

u.is 

12.32 

U.k6 

U.60 

U.T3 

U.ST 

13.01 

13.15 

13.26 

13.26 

15 

10.9k 

11.06 

U.22 

U.36 

U.k9 

U.63 

u.rr 

U.91 

U.Ok 

U.18 

U.32 

U.k6 

U.60 

U.T3 

U.ST 

13.01 

13.15 

13.29 

13. kO 

13. kO 

16 

11.06 

11.22 

11.36 

U.k  9 

U.63 

u.rr 

U.91 

U.  0k 

U.18 

U.32 

U.k6 

U.60 

U.T3 

U.ST 

13.01 

13.15 

13.a 

13.k2 

13.5k 

13.5k 

IT 

u.a 

11.36 

U.k9 

U.63 

u.rr 

U.91 

12.0k 

U.18 

U.32 

U.k6 

U.6o 

U.T3 

U.ST 

13.01 

13.15 

13.a 

13. k2 

13.56 

13.68 

13.68 

IS 

11.36 

U.k9 

11.63 

u.rr 

U.91 

12.0k 

12.18 

U.32 

U.k6 

U.60 

U.T3 

12. 3T 

13.01 

13.15 

13  .a 

13. k2 

13.56 

13.TC 

13-81 

13.81 

19 

U.k9 

11.63 

u.rr 

U.91 

12.0k 

12.18 

12.32 

U.k6 

U.60 

U.T3 

U.ST 

13.01 

13.15 

u.a 

13* k2 

13-56 

13. TO 

13.  Sk 

13.93 

13.95 

» 

11.63 

u.rr 

U.91 

12.0k 

12.18 

12.33 

12.k6 

U.60 

U.T3 

U.ST 

13.01 

13.15 

13.29 

13. ka 

13.56 

13.70 

13.8k 

13.9* 

lk.09 

lk.09 

a 

u.rr 

U.91 

12.0k 

12.18 

12.32 

12. k6 

12.60 

U.T3 

U.ST 

13.01 

13.15 

13.29 

13.  ka 

13.56 

13.T0 

13.8k 

13.9T 

ik.U 

lk.23 

lk.23 

a 

11.91 

12.0k 

12-18 

12.32 

12.k6 

12.60 

12.73 

U.ST 

13.01 

13.15 

13.29 

13.  ka 

13.56 

13. *0 

13.8k 

13. 9T 

ik.U 

ik.25 

lk.36 

lk.36 

33 

12.03 

12.16 

12.30 

12.k3 

12.5T 

12.T1 

U.63 

12.99 

13. U 

13.26 

13.  kC 

13.5k 

13.68 

13.81 

13.95 

lk  .09 

lk.23 

11.36 

lk.k8 

Ik.kS 

2k 

12.02 

12.16 

12.30 

12.k3 

12.3T 

12. n 

U.63 

U.99 

13-U 

13.26 

13. kC 

13.5k 

13.66 

13.81 

13.95 

lk  .  09 

lk.23 

lk.36 

lfc.16 

lk.kS 

10.  Final  Remarks 


Tha  Data  Trimmed  Credibility  Formulae  seem  quite  appropriate  for 
Experience  Rating  in  the  presence  of  catastrophic  (or  as  called 
in  this  paper  excess)  claims.  With  this  intuitive  background  in 
our  minds  ra  have  in  our  explicit  calculations  been  looking  at 
deviations  from  ordinary  claims  towards  the  higher  side  only.  Ob¬ 
viously  the  normal  distribution  being  symmetric  one  could  also  ob¬ 
serve  "outliers"  to  ordinary  claims  towards  the  lower  side  hence 
leading  to  a  truncation  at  the  lower  end  as  well.  But  of  course 
our  assumption  of  normally  distributed  claims  should  only  be  seen 
as  an  approximation  to  the  real  world,  and  it  is  our  feeling  that 
the  approximation  is  particularly  bad  at  the  lower  tail  of  the 
distribution. 

In  any  case  truncation  at  the  upper  end  of  the  distribution  is  in¬ 
troducing  an  additional  parameter  into  the  credibility  formulae 
and  we  hope  to  have  demonstrated  in  this  paper  that  the  labour 
caused  by  the  new  parameter  can  be  worthwhile  indeed. 
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12.  Appendix 


For  the  Interested  reader  we  are  attaching  the  explicit  calcula¬ 
tions  leading  to  formulae  19)  and  20). 


I 


20- 


A:  Calculations  leading  to  formula  19) 

bl  -  E^OvCXjAM,  X2/e]]  +  Cov[e[X1aM/0]#  E[X2/9l] 

CovfXjAM,  X2^0]  *  0,  because  x^,x2  are  conditionally  independent. 


Hence 


bx  »  Cov[  (1-ir)  w” (9)+ma  ,  (l-ir)u0(e)  +irua]  ,  or 
bx  -  (1-ir)*  Cov[u“(9)  ,  w0(9)  ] 

and  analogously  (with  X2am  instead  of  X2) 


b2  -  (1-ir)  *  Var  [y“(8)  ]  . 


Let  be  Y  ■  1A  where  A  denotes  the  event  {X  is  ordinary}.  Then 
Var[XAM/el  -  E[var(  xam/0,  y]j  ♦  Var[E[XAM/0,y]] 

-  <l-ir)o*M<8)  +  tto*m  ♦  it (1— it)  (uM(0)  -  uM  )* 

o  e  o  e 


Hence 


Var [X am] 


-  E[var[XAM/0l]  *  Var[(l-ir)u”(9)  +  yJJ]  ,  or 


•21- 


B:  Calculations  leading  to  formula  20) 


1)  Preparations 

In  the  following  we  put  r»«^T  , 

Furthermore  we  denote  by  $(x) 
tribution  function  and  by  <p(x) 
sity  function. 

By  convolution  we  get 

JM*? )♦(*?)*■  ■  •  («?) 

IM2?1)  •(“?)*-£  *05?) 

Noting  that  <p*  (x)  -  -x  <p{x)  integration  by  parts  gives 

7  <*-“>•  0?)  *  (¥)  0*  ’  -  T  2  *  (*?)  •  (“?)  * 


and  thus 

2- W  •  (■?) 

•  “*♦  fe) 

*2  •(■«?) 

Because  of  «  ^£ll^ 

1 .  (a?)  -  • 

os?)  •  (¥: 

where  S 

-  S^LiliS  lnd  5  .  r* 
r*+  s*  ao 

we  obtain 

2 -(*)•(¥) 

•(*?) 

•5*5 

2 ’*•  (*?)•(“?; 

•  3  • (u*  ♦  3*) 

s«/*T  and  a  »/v+w'  »Vrl+  s2. 
o 

the  standardized  normal  dis- 
the  standardized  normal  den- 


22- 


Integration  by  parts  gives 


/  x(x-u)  <p  ♦  (~)  d*  «  *2J  *  OtO  *  (**?)  te 

-V/  -  (*§*)  *  (“?) *■ 

—ao  ' 


and  thus  using  the  above  formulae 


ii)  actual  calculations 


J  §<p  (2=®)  dx  +  M  •  Pr[X  2  M/0] 

•  r<!>  +  0  PrCx  i  M^g]  +  m  Pr[x  2  M/el 

M  *  (.HO.  (**)  - 


UQ(0)  ■  9 


Applying  the  formulae  derived  in  i)  we  get  by  straightforward 


calculations 


«U>!1  *2  “"<«>  I'C-T2)*9 

•  M-  <M-"o 

Et9*u“(8)  ]  -  ttoj,  +  (*2+m£-  Mm0)  •  ( -5— 1  -  i 


n0«0<# 


Bence 


/  M“ ®Q 

Cov[u5(0),wo(9)]  -  Bt0*Ug(8)  ]  -  mo  Etu”(9)]  - 


23- 


and 


( M*m0  > 

w<¥ 

^  °o  } 

AS  CovCXjam,  X2aM/Xi>X2  ordinary  1 
•  CovCOjaM,  U2aM] 

»  ECCovCOjAM,  D2aM/913  +  Cov[E[01AM/eh  E[02aM/9U 
»  VartWg(9)  1  ,  we  conclude  from  19) 

b2«  (1— it)  2  CovIOjaM,  OjaM]  . 


To  obtain  a  closed  formula  for  b3,  observe 


J  x(x-u)  i  e(x-u) dx 


-  x<x«p 


M 

4* 

\  o  / 

,  feat) 

+  0*« 

\  o  / 

1+  (ua- 

!•(*?) 


dx 


According  to  1)  the  density  function  of  X  Is 

f(x)  "  v/'<I"ir)P o(x/9)  d0(9)  +  ffPe(x)  “  U-^P©***  ♦  *P*(x) 
with  (see  6.1  and  6.2) 

•*•(=?) 


P«(x)  - 


